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Objective

Context

Recently an ambiguity in specification of the Wigner quasiprobability
distribution for finite-dimensional quantum system has been studied. It
was shown that for an N-level quantum system one can construct N − 2
parametric family of unitary non-equivalent Wigner quasiprobability
distributions.

The main objective

In the report the moduli space of the Wigner quasiprobability distributions
for N-dimensional quantum systems will be discussed and exemplified for a
low dimensional cases, for a single qubit, qutrit and quatrit.
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Introduction
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Introduction

Defining a quantum state

A state of an N-level quantum-mechanical system is described by a density
operator % acting on the CN Hilbert space a , satisfying the conditions:

•Hermicity : %† = % ; •Completeness : tr(%) = 1 ;

•Semi-positivity : 〈ψ|%|ψ〉 ≥ 0 ;

aThe states with %2 = % are called pure states.

Physical quantities as quantum averages

The density operator % determines the expectation value E(Â) of a

Hermitian operator Â acting on H: E(Â) = tr
(
Â %
)
.

As statistical averages via probability distribution function (PDF) ρ(q, p)

For a function A(q, p) defined over classical phase space Ω:

E(A) =

∫
dΩ A(q, p) ρ(q, p) , with

∫
dΩ ρ(q, p) = 1 .
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Introduction

QPDF as “quantum analogue” of the statistical PDF

The Wigner-Weyl transform

Invertible map between functions over the phase space and operators
acting on the Hilbert space:

Â −−→←−WA(q, p) ,

where WA(q, p) is called symbol of Â. For Â = % it is called Wigner
quasiprobability distribution function (QPDF).

The Wigner function

is constructed from the density matrix % describing a quantum state and
the Stratonovich-Weyl self-dual kernel ∆(ΩN) defined over the
symplectic manifold ΩN :

W%(Ω) = tr (% ∆(Ω)) .
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Stratonovich-Weyl correspondence

Stratonovich-Weyl: operators(H)
∆(Ω)7→ functions(Ω), at that

1 Reconstruction of the state:

% =

∫
Ω

dΩ ∆(Ω)W%(Ω) ;

2 Hermicity of the kernel:

∆(Ω) = ∆(Ω)† ;

3 Finite norm:

tr (%) =

∫
Ω

dΩW%(Ω) ,

∫
Ω

dΩ ∆(Ω) = 1 ;

4 Covariance: the unitary symmetry %′ = U(α) %U†(α) induces the
kernel transformation a

∆(Ω′) = U(α)†∆(Ω)U(α) .

aHence, the phase space measure is SU(N) invariant Haar measure.
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Master equations

Deriving the ”Master equations”

% = Z−1
N

∫
SU(N)

dµSU(N) ∆(ΩN) tr [% ∆(ΩN)] ,y∆(Ω) = U(Ω)PU†(Ω) , where
P = diag ||π1, · · · , πN ||
π1 ≥ π2 ≥ · · · ≥ πN

Z−1
N

∫
SU(N)

dµSU(N) (U P U†)ik (U P U†)js %sj = %ik ,y 4th order Weingarten formula1

Standardisation condition2

Master equations:

tr (∆(Ω)) = 1 , tr
(
∆(Ω)2

)
= N .

1∫
dµUabUcdU

†
ef
U
†
gh

= 1
N2−1

(
δaf δchδbeδdg + δahδcf δbg δde

)
− 1

N(N2−1)

(
δaf δchδbg δde + δahδcf δbeδdg

)
.

2
Z−1
N

∫
dµSU(N) W

(ν)
A

(Ω) = tr (A) .
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Parametrization of the moduli space

The Stratonovich-Weyl kernel

∆(Ω|ν) =
1

N
U(Ω)

[
I + κ

∑
λ∈H

µs(ν)λs

]
U(Ω)† , κ =

√
N(N2 − 1)/2 ,

where

H is the Cartan subalgebra in SU(N) ,

parameter ν = (ν1 , · · · , νN−2) labels members of the WF family,

coefficients
∑N

s=2 µ
2
s2−1(ν) = 1 .

A density matrix of an N-dimensional quantum system

%ξ =
1

N

[
I +

√
N (N − 1)

2
(ξ,λ)

]
,

where

ξ is an (N2 − 1)-dimensional Bloch vector,

λ = {λ1 , · · · , λN2−1} is su(N) algebra basis.
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Parametrization of the moduli space

A family of the Wigner functions

W
(ν)
ξ (ΩN) =

1

N

[
1 +

N2 − 1√
N + 1

(n, ξ)

]
,

where

n = µ3n
(3) + · · ·+ µN2−1n

(N2−1) ,

n
(s2−1) = 1

2 tr
(
Uλs2−1U

†λµ
)

, s = 2,N .

The spectrum {π1, · · · , πN} of the Stratonovich-Weyl kernel:

πi =
1

N

(
1 +
√

2κ
N∑

s=i+1

µs2−1√
s (s − 1)

− κ
√

2 (i − 1)

i
µi2−1

)
.
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Parametrization of the moduli space

Constraints on the spherical angles

The spherical (N − 2) angles:

µ3 = sinψ1 · · · sinψN−2 ,
...
µi2−1 = sinψ1 · · · sinψN−i cosψN−i+1 ,
...

µN2−1 = cosψ1 , i = 2,N .

For decreasing order π1 ≥ · · · ≥ πN

µ3 ≥ 0 , µ(i+1)2−1 ≥
√

i − 1

i + 1
µi2−1 , i = 2,N − 1 .
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Examples: qubit, qutrit and quatrit
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Examples N = 2

The Wigner function of a single qubit

A generic qubit quantum state is parameterized in a standard way

%qubit =
1

2
(I + r · σ)

by the Bloch vector r = (r sinψ cosφ , r sinφ sinφ , r cosψ) .
The master equations determine the spectrum:

spec
(
P(2)

)
=

{
1 +
√

3

2
,

1−
√

3

2

}
.

The Wigner function for a single qubit is

Wr (α, β) =
1

2
+

√
3

2
(r ,n) ,

where n = (− cosα sinβ , sinα sinβ , cosβ) is the unit 3-vector.
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Examples N = 3

Qutrit kernel and its fundamental region

A generic qutrit state is given by the density matrix

%qutrit =
1

3

(
I +
√

3
8∑

ν=1

ξνλν

)
.

The Stratonovich-Weyl kernel

∆(Ω3) = U(Ω3)
1

3

[
I + 2

√
3 (µ3λ3 + µ8λ8)

]
U(Ω3)† ,

where the coefficients

µ3(ν) =

√
3

4

√
(1 + ν)(5− 3ν) , µ8(ν) =

1

4
(1− 3ν)

are functions of the parameter ν = 1
3 −

4
3 cos(ζ) with ζ ∈ [0, π/3] being

the moduli parameter of the unitary nonequivalent WF of a qutrit.
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Examples N = 3

The Wigner function of a single qutrit

W
(ν)
ξ (Ω3) =

1

3
+

4

3

[
µ3 (n(3), ξ) + µ8 (n(8), ξ)

]
,

with two orthogonal unit 8-vectors

n(3)
ν =

1

2
tr
[
Uλ3U

†λν

]
, n(8)

ν =
1

2
tr
[
Uλ8U

†λν

]
.

The master equations

tr (∆(Ω)) = 1 , tr
(
∆(Ω)2

)
= 3

determine one-parametric family of kernels P(3)(ν) .
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Examples N = 3

One-parametric P (3)(ν)-family

The spectrum of generic kernels:

spec
(
P(3)(ν)

)
=

{
1− ν + δ

2
,

1− ν − δ
2

, ν

}
,

where δ =
√

(1 + ν)(5− 3ν) and ν ∈ (−1,−1
3 ) .

Two degenerate kernels:

spec
(
P(3)(−1)

)
= {1 , 1 ,−1} , spec

(
P(3) (−1/3)

)
=

{
5

3
,−1

3
,−1

3

}
.

The spectrum of singular kernel:

spec
(
P

(3)
det=0

)
=

{
1 +
√

5

2
, 0 ,

1−
√

5

2

}
, tr

(
[P

(3)
det=0]m

)
= Lm ,

where the m-th Lucas number Lm = φm + (−φ)−m and φ = 1+
√

5
2 .
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Examples N = 3

The ordering of the density matrix
eigenvalues 1 ≥ r1 ≥ r2 ≥ r3 ≥ 0 and
condition

∑
ri = 1 lead to

ξ3 ≥ 0 , ξ8 ≥
ξ3√

3
.

The ordering of the SW kernel
eigenvalues π1 ≥ π2 ≥ π3 and con-

dition
∑
µ2
i = 1 lead to

µ3 = sin ζ , µ8 = cos ζ , 0 ≤ ζ ≤ π

3
.
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Examples N = 4

Quatrit kernel and its fundamental region

A generic quatrit (N = 4) state is given by the density matrix

%quatrit =
1

4

(
I +
√

6
15∑
ν=1

ξνλν

)
.

The Stratonovich-Weyl kernel

∆(ΩN |ν) = U(ΩN)
1

4

[
I +
√

30 (µ3λ3 + µ8λ8 + µ15λ15)
]
U(ΩN)† .

The Wigner function of a quatrit

W
(ν)
ξ (Ω4) =

1

4
+

3
√

5

4

[
µ3(n(3), ξ) + µ8(n(8), ξ) + µ15(n(15), ξ)

]
,

with

n(3,8,15)
ν =

1

2
tr
[
Uλ3,8,15U

†λν

]
.
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Examples N = 4

Quatrit density matrix

In a quatrit case, there are 24 ways of the spec (%quatrit) = {r1, r2, r3, r4}
ordering.

The fixed order of the eigenvalues

1 ≥ r1 ≥ r2 ≥ r3 ≥ r4 ≥ 0 ,

0 ≤ ri ≤ 1 ,
∑

ri = 1 ,

leads to

0 ≤ ξ3 ≤
√

2/3 ,

ξ3√
3
≤ ξ8 ≤

√
2/3 ,

ξ8√
2
≤ ξ15 ≤ 1/3 .
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Examples N = 4

The master equations

tr (∆(Ω)) = 1 , tr
(
∆(Ω)2

)
= 4

determine two-parametric family of kernels P(4) with π1 ≥ π2 ≥ π3 ≥ π4:

Generic kernel:

spec
(
P(4)(π3, π4)

)
=

{
γ + δ

2
,
γ − δ

2
, π3 , π4

}
,

where

γ = 1− π3 − π4 , δ =
√

8− 2(π2
3 + π2

4)− γ2 .
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Examples N = 4

Note that

Rm = Rm−1 + 3
2Rm−2 , R1 = 1 ,R2 = 4 ;

Lm = Lm−1 + Lm−2 , L1 = 2 ,L2 = 1 .

• Degenerate kernels:

• Triple degenerate

P
(4)
{123}4 : π1 = π2 = π3 6= π4 ,

P
(4)
1{234} : π1 6= π2 = π3 = π4 .

• Double degenerate

P{12}{34} : π1 = π2 6= π3 = π4 ,
P{12}34 : π1 = π2 6= π3 6= π4 ,
P1{23}4 : π1 6= π2 = π3 6= π4 ,
P12{34} : π1 6= π2 6= π3 = π4 .

• Singular kernels

P1{2=0}34 : π1 6= π2 = 0 6= π3 6= π4 ,

P12{3=0}4 : π1 6= π2 = 0 6= π3 6= π4 ,

P1{{23}=0}4 : π1 6= π2 6= π3 = 0 6= π4,

with tr
(
Pm

1{{23}=0}4

)
= Rm .
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Examples N = 4

Parameterizing µ by two spherical coordinates

µ3 = sinψ1 sinψ2 , µ8 = sinψ1 cosψ2 , µ15 = cosψ1

and using the constraints coming from the requirement of a decreasing
order of the SW kernel’s eigenvalues

µ3 ≥ 0 , µ8 ≥
µ3√

3
, µ15 ≥

µ8√
2
,

we have: 

{
ψ2 ∈

(
0, π3

]
,

0 < ψ1 ≤ arccot
(
cosψ2/

√
2
)

;{
ψ2 = 0 ,

0 < ψ1 ≤ arccot
(
1/
√

2
)

;
(See Figure 1)

ψ1 = 0 .
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Examples N = 4

Girard’s theorem: the spherical
excess of a triangle determines the
solid angle

π/2 + π/3 + π/3− π = 4π/24 .

Any fixed order of eigenvalues cor-
responds to one of 24 possible
ways to tessellate a sphere.

Figure 1: Möbius (2, 3, 3) triangle with
(π/2 , π/3 , π/3) angles.
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Conclusions

An ambiguity in the master equation’s solution for Stratonovich-Weyl
kernel is analyzed and the corresponding moduli spaces of the Wigner
QPDF is determined for N = 3, 4 quantum systems:

for the qutrit the moduli space is the π
3 arc of the unit circle,

for the quatrit the moduli space is (2, 3, 3) Möbius triangle.

The basic goal of our further studies is

understanding of a physical meaning of the Wigner function moduli space.

Abgaryan, Khvedelidze, Torosyan (JINR) Wigner quasiprobability functions 16-21 April, PCA-2018 24 / 25



Thank you for attention
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